ABSTRACT. For an odd prime number p and an integer n ≥ 0, let h n be the class number of the p n+1 st cyclotomic field Q(ζ p n+1 ). It is known that when p = 3 or 5, h n is odd for all n ≥ 0. We prove that the same holds also when p = 7.
Introduction
Let p be an odd prime number. For an integer n ≥ 0, let F n = Q(ζ p n+1 ) be the p n+1 st cyclotomic field, and h n the class number of F n . Here, ζ p n is a primitive p n th root of unity. There are many important theorems on the p-part of h n (cf. W a s h i n g t o n [11] ). Apart from the p-part, the 2-part (parity) of h n is of particular interest. It is known that the quotient h n /h n−1 is odd for all sufficiently large n by a general theorem of W a s h i n g t o n ( [10] ) on the non-p-part of h n . When p = 3 or 5, it is known that 2 h n for all n ≥ 0 (H o r i e [5, Proposition 2], W a s h i n g t o n [8] , [9] ). However, for p ≥ 7, such an exact result on the parity is not yet obtained. The purpose of this note is to show the following:
ÈÖÓÔÓ× Ø ÓÒº When p = 7, the class number h n is odd for all n ≥ 0.
We show the assertion by a method similar to the previous results using the analytic class number formula. As W a s h i n g t o n pointed out in [9] , the main obstacle for studying the non-p-part of h n is the group of roots of unity in Z Remarkº When n = 0, there are several results and computations on the 2-part of h 0 such as [2] , [3] , [4] , [6] , [7] , [12] .
Analytic class number formula
Let p = 7, and F n = Q(ζ p n+1 ). Let h 
where χ (resp. ψ n ) runs over the characters of G n of order 3 (resp. p n ). Let k = Q(ζ 3 ), K n = k · F n and K = K 0 . These number fields are contained inQ. For = 2 or p, we fix an embedding ϕ :Q →Q whereQ is an algebraic closure of the -adic rationals Q . It is known that B 1,δψ n /2 and B 1,δχψ n /2 are integers of F n−1 and K n−1 , respectively. The prime 2 splits in these fields as a product of two prime ideals. Let P = P n−1 be the prime ideal of F n−1 or K n−1 over 2 corresponding to the embedding ϕ 2 .
By the class number formula, we see that if r n is even, then we have
2 B 1,δχψ n ≡ 0 mod P for some χ and ψ n . The condition B 1,δχψ n /2 ≡ 0 mod P is equivalent to B 1,δχ 2 ψ n /2 ≡ 0 mod P since a prime ideal over 2 remains prime at K n−1 /F n−1 . Therefore, fixing a character χ of order 3, the condition (B ) is equivalent to
It is clear that the conditions (A ) and (B ) are equivalent to the following ones, respectively.
In all what follows, we fix a third root η (= ϕ p (η)) of unity in k × (⊆ Q × p ), and we choose χ so that χ(η mod p n+1 ) = η.
Let us introduce some notation. For an integer x ∈ Z , let (x) p n+1 be the unique integer such that 0
and
When α = 1, we simply put
From the definition, we see that
Under these notation, we obtain the following assertion from the above congruences (A) and (B).
Ä ÑÑ º Under the above setting, assume that r n is even. Let ζ = ψ n (1 + p n ) be a pth root of unity where ψ n is a character of G n in the condition (A) or (B). Then, we have
Here, P 0 is the prime ideal of F 0 or K 0 fixed before.
P r o o f. This is essentially contained in [10, Lemma 1] or its proof. Noting that the prime ideal P 0 remains prime in the extension F n−1 /F 0 (resp. K n−1 /K 0 ), we can show the assertion by calculating the trace of ψ(α −1 )B 1,δψ n (resp. ψ(α −1 )B 1,δχψ n )) along the extension for each α ∈ 1 + pZ p . Let us briefly deal with the case (B). Let Tr = Tr K n−1 /K 0 be the trace. Let P n be the p-part of G n , and let W r be the group of rth roots of unity in G n for each divisor r of p − 1 = 6. Then, we have a decomposition G n = W 6 × P n , and
Replacing a with αa and noting that δ (resp. χ) is odd (resp. even), we see that the right hand side equals
For an integer s with 0 ≤ s ≤ n, we have Tr(ζ p s ) = p n−1 ζ p s or 0 according to whether s ≤ 1 or s ≥ 2. Therefore, we see that the last sequence equals
The case (B) is done by this. We can similarly show the assertion for the case (A).
The 7th cyclotomic polynomial Φ 7 (X) is decomposed as
Hence, there are two cases to be considered: case (I):
Accordingly, we have to divide the cases (A) and (B) in the lemma into the subcases (A-I), (A-II), (B-I) and (B-II), respectively.
Let us look at the congruence (B) for the case (I). We easily see that 
for all α ∈ 1 + pZ p because 1 + η + η 2 = 0 and
For an integer i with 1 ≤ i ≤ 6, we put
Now, by (1) and (2), we see that the congruence (B) implies the following system of congruences for the case (I).
(B-I)
for all α ∈ 1 + pZ p and all 0 ≤ i ≤ 6. Let
Similarly, for the case (II), the congruence (B) implies that
for all α ∈ 1 + pZ p and all 0 ≤ i ≤ 6. We also see by a similar way that the congruence (A) implies the following congruences for all α ∈ 1 + pZ p and all 0 ≤ i ≤ 6, in the respective cases:
In the next section, we check that each of the above four congruences does not hold for some α and i.
Proof of Proposition
As in Section 2, we let p = 7. We choose the third root η (= ϕ p (η)) of unity in k
be the p-adic expansion of η with 0 ≤ a n ≤ 6 = p − 1. For instance, we have a 1 = 4, a 2 = 6, a 3 = 3. Because of the relation 1 + η + η 2 = 0, η 2 is expanded as
For a unit α = 1 + rp n−1 with 0 ≤ r ≤ 6, we have the p-adic expansions
Here, for a real number x, [x] is the largest integer ≤ x. In particular, when α = 1 (or r = 0), it follows that
Therefore, we obtain the following equality in (Z /2) ⊕p : 1, 0, 1, 1, 0, 0) , if a n = 1 (1, 1, 0, 1, 0, 0, 1) , if a n = 2 (1, 1, 1, 1, 0, 0, 0) , if a n = 3 (1, 0, 1, 1, 0, 1, 0) , if a n = 4 (1, 1, 1, 0, 0, 1, 0) , if a n = 5 (1, 1, 1, 0, 1, 0, 0) , if a n = 6.
For a unit α = 1 + rp n−1 with 0 ≤ r ≤ 6, we obtain from the above expansions the following congruences modulo 2 for any four integers b j (1 ≤ j ≤ 4) since the coefficients of p s with 0 ≤ s ≤ n − 1 do not depend on b.
2r + a n−1 p + a n + 4r + 2b j p ,
j ν α,b j ≡ j 4r + 6 − a n−1 p + 6 − a n + 2r + 4b j p .
In particular, when α = 1 (or r = 0), we have
(B-II) First, let α = 1. Using (7), we see that when a n = 0, 5 (resp. a n = 0), (B-II) does not hold with i = 0 (resp. i = 1), and that when a n = 5, it holds with any i. Let a n = 5 and α = 1 + p n−1 . Then, using (4) and (5), we see that (B-II) does not hold with i = 0 whatever value a n−1 takes.
